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Predictive spontaneous CP violation is possible if it is obtained geometrically through a non-Abelian
discrete symmetry. I propose such a model of neutrino mass and mixing based on Δ(27).
© 2013 Published by Elsevier B.V.Since the experimental determination of nonzero θ13 in neu-
trino oscillations, the next big question in neutrino physics is CP
violation. Theoretically, this should be understood together with
the mixing angles themselves. Whereas non-Abelian discrete sym-
metries (the ﬁrst [1–4] of which was A4) are useful in obtaining
tribimaximal mixing [5] which requires θ13 = 0 and no CP vio-
lation, the data now require either a modiﬁcation or a new ap-
proach. In the former, CP violation may be incorporated by allow-
ing nonzero θ13 and complex Yukawa couplings. A simple example
is a variation [6] of the original A4 model [4] for tribimaximal
mixing. In the latter, the discrete symmetry may be extended to
include generalized CP transformations [7], which in the case [8]
of S4 could lead to maximal CP violation as well as maximal θ23.
Another possible approach in this category is spontaneous geo-
metric CP violation [9] using Δ(27), which has recently been ap-
plied [10] successfully to the quark sector. This Letter deals with
the lepton sector [11–13] and how it may be related [14] to dark
matter.
The non-Abelian discrete symmetry Δ(27) has 27 elements,
with nine one-dimensional irreducible representations 1i (i =
1, . . . ,9) and two three-dimensional ones 3 and 3∗ . Its 11 × 11
character table as well as the 27 deﬁning 3 × 3 matrices of its 3
representation are given in Ref. [11]. The group multiplication rules
are
3× 3 = 3∗ + 3∗ + 3∗, 3× 3∗ =
9∑
i=1
1i . (1)
The important property to notice is that 3×3×3 has three invari-
ants: 123 + 231 + 312 − 213 − 321 − 132 [which is also invariant
under SU(3)], 123 + 231 + 312 + 213 + 321 + 132 [which is also
invariant under A4], and 111+ 222+ 333.
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different from previous studies [11–13], with the new requirement
that CP be spontaneously broken geometrically [9,10]. Let(
ν
l
)
i
∼ 3, lci ∼ 11,12,12,
(
φ+
φ0
)
i
∼ 3. (2)
Using the decomposition of 3 × 3∗ and 〈φ0i 〉 = vi , the charged-
lepton mass matrix is given by
Ml =
⎛
⎝ fe v∗1 fμv∗1 fτ v∗1fe v∗2 fμω2v∗2 fτωv∗2
fe v∗3 fμωv∗3 fτω2v∗3
⎞
⎠
=
( v∗1 0 0
0 v∗2 0
0 0 v∗3
)(1 1 1
1 ω2 ω
1 ω ω2
)( fe 0 0
0 fμ 0
0 0 fτ
)
, (3)
where ω = exp(2π i/3) = −1/2 + i√3/2. This Ml is identical in
form to that of the original A4 model of Ref. [1]. The new feature
here is that CP conservation is imposed on the Lagrangian (so that
all the Yukawa couplings are real) but it is spontaneously broken
by the vacuum, i.e. [9,10]
(v1, v2, v3) = v(ω,1,1). (4)
Hence
Ml =
(
ω2 0 0
0 1 0
0 0 1
)
1√
3
(1 1 1
1 ω2 ω
1 ω ω2
)(me 0 0
0 mμ 0
0 0 mτ
)
, (5)
where me =
√
3 fe v , etc.
For the neutrino mass matrix, three Higgs doublets(
ζ+
ζ 0
)
i
∼ 11,12,13 (6)
are added so that the dimension-ﬁve operator Λ−1(ννφ0)ζ 0 for
the 3× 3 Majorana neutrino mass matrix has six invariants, i.e.
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⎛
⎝ ω( f1 + f2 + f3) f4 + ω f5 + ω2 f6 f4 + ω2 f5 + ω f6f4 + ω f5 + ω2 f6 f1 + ω2 f2 + ω f3 ω( f4 + f5 + f6)
f4 + ω2 f5 + ω f6 ω( f4 + f5 + f6) f1 + ω f2 + ω2 f3
⎞
⎠ ,
(7)
where Λ−1v〈ζ 0i 〉 have been absorbed into the deﬁnitions of the f
parameters.
Using Eq. (5), the neutrino mass matrix in the tribimaximal ba-
sis is now given by
M(1,2,3)ν =
( 0 1/√2 1/√2
ω 0 0
0 −i/√2 i/√2
)
Mν
( 0 ω 0
1/
√
2 0 −i/√2
1/
√
2 0 i/
√
2
)
=
(
ωd + b ωe c
ωe a ω f
c ω f ωd − b
)
, (8)
where a = f1 + f2 + f3, b = f1 − ( f2 + f3)/2, c =
√
3( f3 − f2)/2,
d = f4 + f5 + f6, e =
√
2 f4 − ( f5 + f6)/
√
2, f = √3( f5 − f6)/
√
2.
The tribimaximal limit, i.e.
Ulν =
⎛
⎝
√
2/3 1/
√
3 0
−1/√6 1/√3 −1/√2
−1/√6 1/√3 1/√2
⎞
⎠ (9)
is reached for c = e = f = 0. To the lowest order, c = 0 implies
tan2 θ12 > 0.5 and θ13 = 0; e = 0 implies that tan2 θ12 can be
greater or less than 1/2 and θ13 = 0; f = 0 implies tan2 θ12 < 1/2
and θ13 = 0. Given that data prefer the last choice, it will be as-
sumed from now on that c and e are negligible and only nonzero f
is considered. The immediate consequence [6] of this is that θ12
and θ13 are related, and that given θ13 and θ23, | tan δCP| is deter-
mined.
Since c = e = 0 has been assumed,M(1,2,3)ν is diagonalized by(
m2 0
0 m3
)
=
(
cos θ sin θeiφ
− sin θe−iφ cos θ
)(
a ω f
ω f ωd − b
)
×
(
cos θ − sin θe−iφ
sin θeiφ cos θ
)
. (10)
Since a, b, d, f are real, this implies
tanφ =
√
3(a + b)
a − b − 2d ,
tan2θ = 4 f
√
a2 + b2 + d2 + ab − ad + bd
b2 − 2a2 + 2d2 − ab . (11)
With this structure, | sin θ13| = | sin θ |/
√
3, which implies
tan2 θ12 = 1− 3 sin
2 θ13
2
, (12)
which agrees very well [6] with data. As for the phase φ, it is given
by the condition
tan2 θ23 =
(
1−
√
2 sin θ13 cos φ√
1−3 sin2 θ13
)2 + 2 sin2 θ13 sin2 φ
1−3 sin2 θ13(
1+
√
2 sin θ13 cos φ√
1−3 sin2 θ13
)2 + 2 sin2 θ13 sin2 φ
1−3 sin2 θ13
. (13)
Since m22 and m
2
3 are corrected by terms proportional to f
2
which are small, the following approximation for the neutrino
masses is valid for the analysis below, i.e.
m1 =
√
b2 − db + d2, m2 = |a|,
m3 =
√
b2 + db + d2. (14)Fig. 1. One-loop generation of scotogenic Majorana neutrino mass.
Hence 2bd = ±|Δm232| ≡ ±Δ for normal (inverted) ordering of
neutrino masses. Since Δm221 	 Δ, m1 
m2 will also be assumed
below.
Let Δ = 2.35 × 10−3 eV2, which is the central value from
the 2012 PDG compilation, then using d = ±Δ/2b and a =
±√b2 − bd + d2, this model has the prediction
∑
m > (2+ √3 )
√
Δ
2
= 0.13 eV for normal ordering, (15)
∑
m > (2
√
3+ 1)
√
Δ
2
= 0.15 eV for inverted ordering. (16)
Using the latest Planck result [15] that
∑
m < 0.23 eV, the range
of values for b is also obtained:
0.015< b < 0.078 eV for normal ordering, (17)
0.016< b < 0.073 eV for inverted ordering. (18)
Using Eq. (13) for sin2 2θ23 > 0.92 and sin
2 2θ13 
 0.1, the con-
straint
| tanφ| > 1, or | sinφ| > 1/√2 (19)
is obtained. Using Eq. (11), this restricts a > 0 for normal order-
ing, and a > 0 with b > 0.02 or a < 0 with b < 0.04 for inverted
ordering of neutrino masses.
The invariant CP violating parameter JCP = Im(Uμ3U∗e3Ue2U∗μ2)
is simply given in this model by
JCP =
sin θ13
√
1− 3 sin2 θ13 sinφ
3
√
2
. (20)
Using sin θ13 
 0.16 and | sinφ| > 1/
√
2, the allowed range
0.026< | JCP| < 0.036 (21)
is thus obtained. As for the effective neutrino mass in neutrinoless
double beta decay, its allowed range is approximately given by
0.03 <mee < 0.07 eV. (22)
Thus this model has two very speciﬁc predictions: (1) | JCP| is be-
tween 0.026 and 0.036, and (2) mee is between 0.03 and 0.07 eV.
The dimension-ﬁve operator [16] for Majorana neutrino mass
considered in the above may be implemented [14] in one loop,
with dark matter (Z2 odd) in the loop. This mechanism has
been called “scotogenic”, from the Greek “scotos” meaning dark-
ness. Because of the allowed (λ5/2)(Φ†η)2 +H.c. interaction, η0 =
(ηR + iηI )/
√
2 is split so that mR =mI . The diagram of Fig. 1 can
be computed exactly [14], i.e.
(Mν)i j =
∑
k
hikh jkMk
16π2
[
m2R
m2R − M2k
ln
m2R
M2k
− m
2
I
m2I − M2k
ln
m2I
M2k
]
.
(23)
A good dark-matter candidate is ηR as ﬁrst pointed out in Ref. [14],
whereas its stability was already anticipated in Ref. [17]. It was
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render the standard-model Higgs boson very heavy, which is now
ruled out by data) and studied in detail in Ref. [19]. The η dou-
blet has become known as the “inert” Higgs doublet, but it does
have gauge and scalar interactions even if it is the sole addition
to the standard model. In principle, the lightest N is also a possi-
ble dark-matter candidate [20], but its mass and couplings may be
severely restricted by the experimental limit on μ → eγ decay, un-
less a symmetry exists to suppress it, which is possible in this case.
To accommodate the Δ(27) symmetry, the external φ0φ0 lines
are replaced by φ0i ζ
0
j , and the internal η
0 (N) lines are replaced
by η0i , Ni ∼ 3 on one side, and η0 ∼ 1, Ni ∼ 3∗ on the other.
In conclusion, a special mechanism of CP violation has been
implemented in a complete model of charged-lepton and neu-
trino masses and mixing, using the non-Abelian discrete symmetry
Δ(27). The Lagrangian is required to conserve CP resulting in real
Yukawa couplings, but the Higgs vacuum breaks CP spontaneously
and geometrically. The resulting model has some very speciﬁc pre-
dictions, as given by Eqs. (12) to (22).
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